Let a be a positive integer which is not a perfect h-th power with h ≥ 2, and Q a (x; 4, l) be the set of primes p ≤ x such that the residual order of a (mod p) in Z/pZ × is congruent to l modulo 4. When l = 0, 2, it is known that calculations of ♯Q a (x; 4, l) are simple, and we can get their natural densities unconditionally. On the contrary, when l = 1, 3 , the distribution properties of Q a (x; 4, l) are rather complicated. In this paper, which is a sequel of our previous paper [1] , under the assumption of Generalized Riemann Hypothesis, we determine completely the natural densities of ♯Q a (x; 4, l) for l = 1, 3.
This manuscript is the one which we submitted to Crelle Journal in September 2001. The first author talked on this subject at Oberwolfach "Theory of Riemann Zeta and Allied Functions" at 20.09.2001.
Our Result
This paper is a sequel to our previous paper [1] . Let a(≥ 2) be a fixed natural number. For every residue class l (mod 4), l = 0, 1, 2, 3, we consider the asymptotic behavior of the cardinality of the set Q a (x; 4, l) := {p ≤ x ; ♯ a (mod p) ≡ l (mod 4)},
where ♯ a (mod p) denotes the order of the class a (mod p) in (Z/pZ) × , the set of all invertible residue classes modulo a prime p.
In our previous paper, we proved Theorem 1.1 We assume a is a square free positive integer with a ≥ 3.
(I) We have, for l = 0, 2, ♯Q a (x; 4, l) = 1 3 li x + O x log x log log x .
(II) We assume the Generalized Riemann Hypothesis (GRH) and further assume a ≡ 1 (mod 4).
Then, for l = 1, 3, we have ♯Q a (x; 4, l) = 1 6 li x + O x log x log log x .
Although ♯Q a (x; 4, 0) and ♯Q a (x; 4, 2) are not difficult to study, yet the distributions of Q a (x; 4, 1) and Q a (x; 4, 3) are rather complicated. In the above theorem, we treated only the simplest case, but numerical examples show that, when l = 1, 3 , natural densities of ♯Q a (x; 4, l), with a varies, are not always 1/6. In this paper, we remove those conditions on a and will prove the following much more general result: Theorem 1.2 We assume a ∈ N is not a perfect h-th power with h ≥ 2, and put a = a 1 a Then, for l = 1, 3, we have an asymptotic formula ♯Q a (x; 4, l) = δ l li x + O x log x log log x , and the leading coefficients δ l (l = 1, 3) are given by the following way:
We assume GRH. And we define an absolute constant C by
For our results, see also [ 3 ] and [ 4 ] . It seems an interesting phenomenon that, in (II)-(ii) and -(iii), the densities δ 1 and δ 3 are controled by whether a ′ 1 has a prime factor p with p ≡ 1 (mod 4) or not. Moreover, we can check easily that, in all cases, we have a mysterious inequality
In this paper, we limited our arguments to ♯Q a (x; 4, l) for l = 1, 3, because these are more interesting than the other cases. Actually, we can prove unconditionally that
Throughout this paper, p denotes an odd prime number, and for a natural number n,
For an integer l ≥ 0, and for a natural number f ≥ 1, we define
For a square free integer n ≥ 1, and d|k 0 , we construct extension fields
Furthermore, for l = 1, 3, let σ l be the automorphisms of Q(ζ 2 f +2 ) over Q, which are defined by
Under the above notations, in [1] we obtained the following results: for l = 1, 3, under GRH, we have an asymptotic formula
and the coefficients δ 1 and δ 3 are given by
2)
In our proof of Theorem 1.1 (see [1, Theorem 1.2]), we compared the coefficients (1.2) and (1.3). And for a square free a with a ≡ 1 (mod 4), we can prove that, for any k, k ′ , n, d,
Then the above expressions (1.2) and (1.3) give the same number -this is the key idea of our previous work. This method is available only to prove δ 1 = δ 3 , but numerical examples show that the equality δ 1 = δ 3 does not always hold (cf. In what follows, x, y denotes the least common multiple of x and y, x = the odd part of x, and ′ n means the sum over "square free" numbers n's.
Numerical Examples
We will compare the theoretical density δ l with the experimental density ♯Q a (x; 4, l)/π(x) for various a's. Here we take x = 10 7 . And according to our results, we omit the cases l = 0, 2 (cf. also Tables 5.1 -5.4 in [1] ). As for the number C defined in (1.1), we use a rough approximate value C ≈ 0.64365.
type of a 1 a the theoretical density δ 1 ♯Q a (10 7 ; 4, l)/π(10 7 ) 5 1/6 0.166771
0.167141
0.065351 10 = 2 · 5 1/6 0.166644 
We omit the proof.
Lemma 3.2 The minimal cyclotomic field which contains
Proof. We put 
Then we have
and the latter happens, if and only if, one of (i), (ii), (iii) is satisfied:
(i) a 1 ≡ 1 (mod 4) and a 1 |v (ii) a 1 ≡ 2 (mod 4) and 4a 1 |v (iii) a 1 ≡ 3 (mod 4) and 4a 1 |v.
Proof. From the assumption of a, we have
The field Q(a 1/u ) ∩ Q(ζ v ) is a normal extension of Q, then, by Lemma 3.1,
The latter happens, if and only if, Q( 
When we exchange k for k ′ , then we get the values of
Proof. From the definition ofG k,n,d ,
and n, kd, 2 f +2 = 2 f +2 n, kd . (i)
4 The Coefficients c
In this section, we consider the value of the coefficient c (l) (k, n, d), which appeared in (1.2) and (1.3).
Lemma 4.1 If d is even, then for any
and the same for k ′ .
Proof. Let σ * 1 be the extension of σ 1 . Then
and this contradicts the condition σ * 1 | G k,n,d = id. This proves c (1) (k, n, d) = 0, and similarly c (3) (k, n, d) = 0.
Lemma 4.2 If d is odd and [G
, and the same for k ′ .
Proof. Both two extensionsG k,n,d /G k,n,d and Q(ζ 2 f +2 )/Q(ζ 2 f ) are Galois extensions. And
So we can extend
Proof. When the extension σ * 1 exists, then, since σ * 
Q(
We define an automorphism τ by Gal(
, τ }. We remark that
Here we further assume that a ′ 1 ≡ 1 (mod 4). Then, by Lemma 3.2, Q( a ′ 1 ) ⊂ Q(ζ n,kd ) and
and by (4.3), we have
When a ′ 1 ≡ 3 (mod 4), we consider the field
It is easily seen that G
Now we will prove
and "a ′ 1 ≡ 3 (mod 4) and 4| n, kd, 4 " implies
Combining with (4.5), we can conclude √ 2i ∈ G k,n,d , and 
Case (iii) ′ of Corollary 3.2 f = 1, d: odd, a 1 ≡ 3 (mod 4) and a 1 | n, kd .
We consider again the field G
It is clear that these arguments are true for k ′ instead of k. Summing up the above results, we get the following table:
, are given as follows:
And the same results hold for k ′ .
Here we remark that, except for the two cases (4.4) and (4.6), we have always c
Proof of Theorem 1.2
In order to calculate the infinite sums (1.2) and (1.3), we first consider the following sums: let
and for square free integer s ≥ 1, let
.
We remark here that, when s = 1, J (l) (f, 1) = I (l) (f ) and the sums J (1) (f, s) and J (3) (f, s) are partial sums of I
(1) (f ) and I (3) (f ), respectively. We can calculate these sums as follows:
Lemma 5.1 For any f ≥ 1,
Lemma 5.2 For any f ≥ 1 and any square free s > 1,
Lemma 5. 3 We use the number C defined by (1.1) . For any f ≥ 1, we have
, if all prime divisors p of s satisfy p ≡ 3 (mod 4),
, if all prime divisors p of s satisfy p ≡ 3 (mod 4).
Proof of Lemma 5.1.
We put the primary decomposition of k as
Since d is odd and d|k 0 , we have
with ε i = 0 or 1.
For a square free n, n, kd = q 
Consequently we have
And, instead of k = 2 f (4l + 1), we consider the similar sum for
then we have
this proves Lemma 5.1.
Proof of Lemma 5.2.
Since s is square free, d is independent from the condition s| n, kd and (5.2) holds again. Now we put s = p 1 · · · p t with p i : odd prime and (s, k 0 ) = z. Then the condition "s| n, kd " is equivalent to the condition "(s/z)|n". And in the same way to (5.3), we have
Here we introduce the sets, for y|s,
and this is a disjoint union. Now we calculate the partial sum of (5.5) over such a k ∈ N (1) y . First we consider the sum, for a fixed y|s,
Let n ∈ N be odd and square free, we put
,
(5.7) We can prove the similar formula for l≥0, 4l+3∈N Case (ii) a ′
